We propose a scheme for driving a dimer of spatially separated qubits into a maximally entangled non-equilibrium steady state. A photon-mediated retarded interaction between the qubits is realized by coupling them to two tunnel-coupled leaky cavities and each cavity is driven by a microwave drive. The proposed cooling mechanism relies on striking the right balance between Hamiltonian dynamics, the fluctuations of the photon fields, the dissipative qubit decay and the photon leakage. After mapping the dimer to an effective transverse-field XY model in a non-equilibrium bath, we show that both singlet and triplet states can be obtained with remarkable fidelities. We derive analytical expressions for these fidelities in the non-equilibrium steady state. The proposed protocol can be implemented with a superconducting circuit architecture that was recently experimentally realized, and paves the way to achieve large-scale entangled systems.
Introduction. The preparation of stable entangled states is critical to envision large-scale quantum computation and simulation schemes [1] . A particularly promising route to engineering long-lived and pure entangled quantum many-body states employs quantum bath engineering [2] [3] [4] . From this perspective, hybrid light-matter systems, particularly those realized on superconducting circuits, represent a unique platform because they offer a vast number of experimentally tunable parameters, aiding in engineering both the underlying Hamiltonian and the quantum baths to optimally drive a quantum system to a stable non-equilibrium steady state (NESS) [5] . A method of quantum bath engineering that is versatile and effective is cavity-assisted cooling which has been investigated in the context of atomic gases [6] [7] [8] [9] [10] , optomechanical [11, 12] and spin systems [13] . In the context of super-conducting qubits, a recent proposal [14] involved tailoring the photon shot-noise spectrum to cool a single qubit to any target state on the Bloch sphere. Concomitantly, remarkable experimental progress in preparing entangled states was made with superconducting qubits [15] [16] [17] [18] and trapped ions [19] , and there has been interesting related theoretical proposals [20] [21] [22] [23] [24] [25] . Several challenges however remain for achieving higher fidelities and scaling up these systems to many-body entangled states.
Here, we propose and theoretically analyze an experimentally straightforward and robust scheme that builds on the cavity-assisted cooling setup employed in Ref. [14] in order to drive a spatially separated qubit-dimer into a target two-qubit state. In contrast to Refs. [16, 17] , the proposed scheme only involves one microwave drive per cavity (see Fig. 1 ), and should be scalable to larger qubit clusters. Furthermore, the Jaynes-Cummings dimer setup that underlies the dissipative entanglement scheme proposed here has recently been experimentally realized [26] to study a dissipation driven dynamical localization transition proposed in [27] . We show that, with a suitable protocol that only involves continuous-wave drives, the system can autonomously relax to a target entangled non-equilibrium steady state, singlet or triplet, with re- markably high fidelities. The mechanism relies on striking the right balance between Hamiltonian dynamics, the fluctuations of the photon fields, the dissipative qubit decay and the photon leakage. In particular, it involves optimally choosing a drive frequency ω d commensurate with a non-trivial emergent energy scale of the open circuit-QED dimer.
We first introduce the driven circuit-QED dimer system [26, 27] as well as the typical experimental values of various parameters. Integrating out the photonic subsystem we arrive at an effective transverse-field XY model with cavity-mediated retarded interactions that can be described by a suitably secularized Master equation. After characterizing the emergent energetics of the system, we describe the different protocols to cool it to desired entangled states and compute the corresponding fidelities. Those can be measured via readily available two-qubit quantum-state tomography measurements [16] . We shall also discuss our findings in the broader context of manybody driven dissipative quantum systems.
Model. We consider a set of two identical two-level systems ("qubits") embedded in two identical single-mode cavities which can exchange photons, as shown in . H σ alone corresponds to two independent bare qubits, the eigenstates and eigenenergies of which are given by the triplet and singlet states:
To take into account the dissipation in the qubit sector, we couple the qubits to two independent zerotemperature bosonic baths given by
The b in 's are non-interacting bosons with energies ω n . Ultimately, the strength of the qubit decay enters the equations through the hybridization parameter γ ∝ η 2 /W where W is the typical bandwidth of the baths.
We shall see that the qubit decay plays an instrumental role in our cooling scheme. In Table I , we give the typical experimental energy scales. Effective dissipative XY model. We treat the lightmatter coupling with a second order perturbation theory in g/∆ where ∆ ≡ ω q − ω c and we eliminate the explicit time-dependence of the Hamiltonian by use of a rotating wave approximation. This can be done by first transforming the Hamiltonian in Eq. (10) with the SchriefferWolff transformation, H → U SW HU † SW , where
Up to the order (g/∆) 2 , this operation eliminates the non-linearities in H σ,a at the expense of renormalizing the qubit sector. As a consequence, the photon hopping gives rise to an effective qubit-qubit interaction, see Fig. 1 (b) . We then go to a rotating frame,
and we neglect the fast rotating terms of the form e 2iω d t a † i . In the rotating frame, the bare energies are shifted by
We furthermore decompose the two photon fields into mean fields plus fluctuations:
where (in the lowest order in the light-matter coupling)
We neglect terms that are quadratic in the d's [14] . The mean-field photonic background renormalizes the qubit sector and results in the following Hamiltonian
The decoupled qubit system is now coupled due to retarded cavity mediated interaction, providing an experimental realization of a two-site transverse-field XY model:
with (h
. The eigenstates and eigenenergies of H σ to lowest order in g/∆ are
The degeneracy between |S and |T 0 has been lifted by the effective qubit-qubit interaction. The triplet states were modified by the light-matter interaction, however the eigenstate | S still corresponds to the singlet state of the two bare qubits. This is ensured by our symmetric set-up in which both qubits, cavities, and drives are identical.
Photon fluctuations on top of the coherent part couple to the qubits via
which induces transitions between the eigenstates of H σ . Up to the order (g/∆) 2 , the last term in Eq. (13) commutes with H σ and can therefore be discarded as it does not contribute to the dynamics. We treat H σ,d and H σ,b as perturbations to H σ and access the reduced density matrix of the spin sector, ρ σ , by integrating over the degrees of freedom of these baths via a Master equation approach. Importantly, as the relaxation time scale of the photon-fluctuation bath, 1/κ, can be larger than the typical time scale on which ρ σ evolves, the dynamics of the latter is a priori non-Markovian. However, once a steady state is reached, ρ NESS σ ≡ lim t→∞ ρ σ , the usual Markovian approximation is exact [28] [29] [30] and we obtain the following non-equilibrium steady-state Master equation
where k and l span the eigenstates of H σ (see below). The integration over the bath degrees of freedom yielded both the transition rates Γ k→l between those states (Fermi golden rule) [31] as well as the Lamb-shift (real part of self-energy) renormalizations of the energy levels E k → E k + δ k with, to the leading order, One can re-write the Master equation (14) as the rate equations governing the population of each of the eigenstates |k of H σ , n k ≡ k|ρ σ |k :
which together with the conservation law k n k = 1, enables us to numerically solve for the non-equilibrium steady state.
Cooling protocols. By carefully tuning the drive frequency ω d , one can engineer the photon fluctuations to trigger transitions from one renormalized eigenstate to another by Raman inelastic scattering. We first explain the protocol to achieve convergence to the singlet state, ρ NESS σ ≈ |S S|, which is governed by two time scales. The population n
|S is a measure of the fidelity of the protocol. By choosing ω d such that
(note that E S and E T− themselves depend on ω d ), the
allows for a rapid pumping from the state | T − to the singlet state via Stokes (red-shifted) scattering (see Fig. 2 ). The particular choice of ω d in Eq. (18) , associated with the fluctuation-driven transitions. At later times, dissipation drives the system to the singlet state according to the following mechanism. The only decay channel of the singlet, from |S to | T − , is inhibited by the rapid pumping to |S , see Fig. 2 (a) . However, the state | T + has two decay channels: one to | T 0 which is similarly inhibited by the pumping back to | T + , whereas the other one directly feeds |S . Ultimately, the qubits converge to the singlet state with high fidelity on a time scale which is set by the qubit decay, i.e. on the order of 1/γ.
This separation of time scales in the dynamics can be used to find an analytic expression for the final nonequilibrium steady-state populations. Indeed, after the states | T − and | T 0 are completely depleted, the rate equations can be approximated by those of the two-level system constituted by |S and | T + . Here, the spin decay rate exceeds the pumping rate, thereby cooling the system to the singlet with high fidelity given by (14) as long as the two-level approximation is valid. Large drive strengths will result in departures from the two-level approximation since ǫ d controls the transitions between |S and | T 0 that were neglected. Eq. (20) transparently elucidates that the fidelity is the result of an intricate interplay between cavity decay, qubit dissipation and light-matter coupling, and can be made arbitrarily close to unity.
One may wonder if driving the transition between | T 0 and |S would also result to cooling to the singlet. Despite the fact that the corresponding transition rates have . However, the lack of a mechanism to deplete the population of | T − turns it into a dark state, leading to the trivial steady state
One can also cool down the system to the other entangled eigenstate of H σ , | T 0 , by tuning ω d such that
The cooling mechanism is very similar to the one already described for the singlet and we shall not describe it in detail here. In practice, as the overlap between the original and the renormalized triplet states is | T 0 | T 0 | 2 ≈ 1, this signifies that the system can be cooled to |T 0 with high fidelity.
In the left panels of Fig. 3 , we plot the optimal drive frequencies, solutions of Eqs. (18) and (21), to cool the system to the |S and | T 0 states respectively. The difference between the optimal drive frequencies for cooling to the singlet and to the triplet state is 2J(g/∆)
2 . In the right panel, we present non-equilibrium steady-state 'tomography' of the system by representing the steadystate populations n NESS S and n NESS T0 in a small region of the drive strength ǫ d and the drive frequency ω d . These quantities are readily measurable [16] . High fidelities can be obtained all across the parameter regime. The overall parabolic shape of the high fidelity zones stems from the quadratic dependence of the eigenenergy splittings (e.g. E S − E T− ) on ǫ d . The breadth of the high fidelity zones, the robustness of our protocol to drive parameters, can be shown to be controlled by κ 2 /J. The proposed bath engineering technique can also be used in preparing and maintaining the non-trivial | T + state, which corresponds to the complete inversion of the qubit populations. This is achieved by tuning ω d such that ω d = ω c + E T+ − E T− in order to pump directly from |E T− to |E T+ .
In conclusion, we showed that a recently experimentally realized circuit-QED dimer system [26] can be used to engineer long-lived Bell states by optimally choosing the drive frequency to be commensurate with emergent energy scales. The proposed protocol is a solid demonstration of a situation where dissipation helps in preserving coherence [2] [3] [4] .
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